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The problem of the existence of solutions of two linear self-adjoint differential

equations of the second order with two parameters has been treated by Hubert, f

Richardson, î and Yoshikawa.§ There are corresponding problems in the

theory of linear equations in infinitely many unknowns, and in the theory of

linear integral equations. Part I of this paper deals with the first problem,

the existence of characteristic numbers X and ¡x for the system of equations

U> = X 12k» Ui + >*Ï2li3U3 (* = 1»2>- • *).
3=1 3=1

(1)
00 00

ilk = X 2m« vi - l*12nkiv' (k = l,2,. ..),
1 = 1 1=1

where the matrices are subject to certain conditions (§1), and the expansion

of the determinant matrix in terms of the solutions. Part II deals with the

second problem, the existence of characteristic numbers X and p. for the equations

u(x) = X   / K(x, y) u(y)dy + ¡i  I  L(x, y) u (y) dy,
Ja Ja

v(s) = X  I M (s,t)v(t)dt- ¡i I N(s, t) v (t) dt,

where the kernels are subject to certain conditions (§3), and the expansion of

arbitrary functions of two variables in terms of the characteristic functions.

* Presented to the Society, October 25, 1919.

t Grundzüge einer allgemeinen Theorie der linearen Integralgleichungen, pp. 262-267.

% Theorems of oscillation for two linear differential equations of the second order with  two

parameters, these Transactions, vol. 13 (1912), pp. 22-34.

§ Ein zweiparametriges  Oscillationstheorem,  Göttinger  Nachrichten,  1910,

pp. 586-594.
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I.   Linear equations in infinitely many unknowns

1. Existence of solutions. Consider the system of linear equations (1)

where the matrices K, L, M, N are real and symmetric, the sum of the squares

of the elements in each matrix is convergent, the two matrices L and N axe

positive definite and k^n^ -\- /y-m^O. We shall show that under these conditions

there exist values of X and ¡i for which the equations (1) have solutions of finite

norm and not identically zero, that is, neither {w,} nor \vk\ is identically zero.

The method consists of the elimination of ¡x from (1), the transformation of the

resulting system of equations in the one parameter X into a system of the form

(9) for which the existence of characteristic numbers X¿ has already been estab-

lished, the substitution of these X, in one system of equations of (1), and the

proof of the existence of corresponding characteristic numbers ¡xia, and finally

the proof that X¿ and ¡iia axe also characteristic numbers for the other equations

of (1).

The elimination of ¡i in (1) gives the system

(2) Ui ̂2 "km + i>k I2k-Uj = x (I2kiiuj£jnki01+S^'IC mkm V
l 3 \   3 I 3l'

Since L and N are positive definite their characteristic numbers are positive;

call them a; and ßk. The matrices formed from the corresponding solutions

In and nt, are orthogonal,* and hence the system (2) is equivalent to

(3) «K (4+¿)=\£fe%+*i SjiVi t.
\a¡      ßk/        3,1 \      ßk oci/

where

Ui =¿JijUj     ,     vk = ¿Jim,
3 I

(4) K*=L*KL*'   ,   M*=N*MN*',

bij = 1 xi i = j, and = 0, if t'4=/.

With the substitution
* *

--UiVk,

kl^+mti^,
OLi

a¿        ßk

* For notation and terminology see Hubert, loc. cit., Kap. XI, and Hellinger, E., Neue

Begründung der Theorie quadratischer Formen von unendlichvielen Veränderlichen, Jour-

nal    für    Mathematik,   vol.   136,   pp.   210-262.
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the system (3) becomes

(6) ci*i=XX)0f-rV

The matrix A is symmetric, for the interchange of i with ; and of k with Z, or the

interchange of £ with tj, leaves A unchanged.    The matrix

a&  _
2        Kv

4

2

-Ju + mki
»2
PA

2    ,    o2 "V
«,  + ßk<4 + ßl

is completely continuous.    Let x( = xik be of norm ^ 1.   Since

2g<       <1

<*i +P,

<,J,* «,   Tft I *   «,j ¿, *

and

00 ¿fl 2 /  on

E ^xrs^-E Xikkïj—ttfXjk = J£ 4?.
n>-i    «•■ + &     u,k-i    oti + ßk        Jifjt„+i

By hypothesis Sy &„■ converges, and lim w->-8 2"¿ _ „ fey = 0. Hence the matrix

kijbkiai/(ai + j8fe) is completely continuous, and similarly for mkfi^kl (a,- + /3É).

This shows that akJc\ is completely continuous.    From the inequality

If"   + -)

it follows that atv/cfv is completely continuous. The matrix a^/cfn is sym-

metric, and not identically zero since KN + LM &0, hence there exist* values

of X for which the system

(7)
t,     cgv

has solutions of finite norm.   From this it follows that the system

(8) z( = \J2a-fzv

* Hubert, loc. cit., p. 148.
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has solutions {z{ = y^} of finite norm for the same value of X. Since the ma-

trix  af,/c{ is completely  continuous the adjoint* system

o) *i = x£5i*;
v   ct

also has solutions {x*(\ of finite norm. For each value of X there is only a

finite number of linearly independent solutions of (8) and an equal number of

linearly independent solutions of (9), and the relation between the solutions

of (8) and (9) is

(10) z£ = c¡x¡.

A solution  \X(\  of (9) leads to a solution {Xik }, such that 2 ¡ k xik is con-

vergent,  of the system

(11) J^kjXjk + X)« kixu = X ̂  (kijXjinu + kjXj¡mki).
i I j, I

We shall show later that xik either has the form u¿vk, or is a sum of such terms.

Return to the system (1), and let X be a value for which the system (11)

has a solution xik.    Assume first that u¡ is the only solution of

(12) «.* = X £ kiSu*
i

with the understanding that {u¡} may be = 0, and that 2,m*2

= 0.   There exists a limited matrix f P such that

P = \K + \PK - U*U*',

where

Uik = U, if k = l, K,fc = 0 if kr^l.

If the system

(13) U(x)=\KU(x) + pLU(x)

has a solution U(x) besides U*(x) for u = 0, then U(x) satisfies

U(x) = ix{LU(x) + PLU(x)} + cU*(x),

(14)
(U*, LU)=0.

* Hubert, loc. cit., p.  165.
t Hurwitz, W. A., On the pseudo-resolvent to the kernel of an integral equation, these Trans-

a c t i o n s, vol. 13 (1912), pp. 405-118.

= 1 if U, is not
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Also if (14) has a solution U(x), this solution satisfies (13), and the two equations

(13) and (14) have the same solutions except for U*(x).   The two equations of

(14) may be expressed by one equation, for from the second part it follows that

c(U*, LU*)= - /*[([/*, LLU) + (U*, LPLU)],

and the substitution of this valúe for c gives

fi K\        TU \       \t TU ^ J_ VT tu \       U*U*'LLU(x) + U*U*'LPLU(x)~\(Id)        U(x) = m\LU(x) + PLU(x) - -(^ LJJ^-J

= nQU(x).

The equations (14) and (15) have the same solutions except for U*(x).   To

establish the existence of characteristic numbers of (15), consider the system

(16) U(x) = h{qU(x)
LU*U*'LU(x)+PLU*U*'LU(x) '

(U*, LU*) J
= uRU(x).

AU the solutions of (15) satisfy (16), and any solution U(x) of (16) which is such

that

(17) (U*, LU) = 0

satisfies (15).   This condition is satisfied by all the solutions of (16) except possi-

bly those corresponding to the value ¡i0 of ¡x given by

Mo[(U*,LLU*) + (U*,LPLU*)] + (U*,LU*) = 0.

A solution of (16) corresponding to ¡io is U*(x), the solution of (13) for ¡i = 0.

By adding multiples of U*(x) any other solution of (16) corresponding to no

can be made to satisfy (17), and hence we may assume that the systems (13)

and (16) have the same solutions. The matrix R in (16) is such that the product

of R by the symmetric positive definite matrix L is symmetric, and therefore*

characteristic numbers ¡ia exist and are real, \LUa(x)\ is the adjoint system

of the system of solutions Ua(x) and the matrix R may be expressed in terms

of the solutions in the following form:

(18) R'LF(x) = £ LUa(x)(LF,Ua)t

* A. J. Pell, Linear equations with unsymmetric systems of coefficients, these T r a n s a c •

t i o n s, vol. 20 (1919), pp. 23-39.
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where F(x) is any limited linear form. From this expansion it follows not only

that (16) and (13) have solutions besides U*(x), but also that the system of all

the solutions Ua(x) of the equations

(19) Ua(x)=*KUa(x) + nJ.Ua(x)

is such that the system }LUa(x)} is complete.   Suppose that F(x) is such that

(F,LUa) = 0;

then from (16) and the expansion for R the linear form

G(x)=LF(x) + PLF(x)

is  such  that

LU*(x)(G,LU*)

(U*,LU*)

The only G(x) which satisfies this is G(x) = kU*(x). From the definition of

the matrix P it follows that if

LF(x) +PLF(x)=kU*(x),

then LF(x) = cU*(x), and therefore F(x) = 0. Hence the system \LUa(x)\

is complete.

If the system (12) had more than one linearly independent solution, similar

considerations would show that again the system {LUa(x)} is a complete system.

From (11) we obtain solutions Va(x) of the second system of equations of

(1) by multiplying by Ua,

(20) Va(x) = \MVa(x) - ßJW^x),

for the characteristic numbers X and na.   The solutions Va(x) aie given by

Va(x)=X'LUa(x\

and since \LUa(x)\ is complete the Va(x) are not all zero, and the equations

(19) and (20) have solutions not identically zero. We have established the

following theorem.

Theorem 1. If the matrices K, L, M, and N are symmetric matrices such that

the sum of the squares of the elements in each is convergent, if L and N are positive

definite, and if k,jnkl + Ujmki ̂  0, there exist real values of X and p. for which the

system (1) has solutions u\, vk of finite norm and not identically zero.
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2. Expansion of the determinant matrix.   Since every solution uai, vak of

finite norm of (19) and (20) satisfies (9), only a finite number of vak can be

different from zero.    It has been shown that \LUa(x)\ is a complete system,

and therefore
«

*•*= 12UccÍ"ock,
a=l

for otherwise the difference between the left and right hand sides would be

orthogonal to LUa(x). We may therefore assume that the solutions of (11)

are in the form of products uaivak.

From the expansion of the symmetric completely continuous matrix* (aiv/cfn),

atv _ V-» y*ty<*v= E
C(CV a ^a

it follows that
2   *    2   *

_ \~*   C(Xa(CnXari
a(v - ¿j   -x-'

a Aa

and this gives the following expansion for the determinant matrix:

(21) ki/nu + hfiiki = J2
WaikWajl

K

where

waik=vakYJlifuaj 4- uat^2 nkß«i-
j i

The following theorem has been established.

Theorem 2.    Under the conditions of Theorem 1, the determinant matrix KN

+ LM may be expressed in terms of the solutions of (1) in the form (21).

II. Two linear integral equations with two parameters

3. Existence of solutions of two integral equations.   In the two linear integral

equations

"b rb

(22)

u(x) = \ I K(x,y)u(y)dy 4- ¡i I L(x,y)u(y)dy,

v(s) = X / M(s,t)v(t)dt - y. I N(s,t)v(t)dt,

* Hubert, loc. cit., p. 148.
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let the kernels K, L be real symmetric functions continuous in the real variables

x and y for sáj;Sí and a ^ y = b, M, N real, symmetric and continuous in

the real variables 5 and t for c ^ 5 = d, c á Z g d, iiA/^ + LM ^ 0, and L and

AT positive definite in the sense that there exist no functions f(x), g(s) not iden-

tically zero which together with their squares are integrable in the sense of

Lebesgue on (a, b) and (c, d) respectively, and such that S S f(x)L(x,y)f(y)

dxdy Ú 0, ff g(s)N(s,t)g(t)dsdt = 0. Let {«?,(%)} be a closed orthogonal

system of continuous functions for the interval (a, b), and {^¿(s)} for the in-

terval (c, d). Multiply the equations (22) by <p¡(%) and \pk(s), respectively, inte-

grate, and then expand the right hand sides;

(23)

/ <PiU = \2^  I   I <fiK<pj  I  <pjU+ ßZ-j  I   I  <PiL<pj  I  <pju,

j *** = XÇ  /   / tkMfr j 4,(0 - M Ç  /   / ïkMt   I */»■

If the equations (22) have continuous solutions u(x), v(s), then the system (23)

has solutions of finite norm. The matrices in (23) satisfy all the conditions

imposed on the matrices in Theorem 1, and therefore there exist values of X and

p., necessarily real, for which the system (23) has solutions *,-, yk of finite norm.

In the usual way it can be shown that the functions

u(x) = \^Xi  I K<Pi+ p^jCi I L<pi,

v(s)=^z2yk I M<pk - p.¿2yk I Aty*
k     J k     J

are continuous in  (a,  6)   and  (c, d), respectively, and satisfy the equations

(22).

Theorem 3. If the kernels K, L, M, N are continuous real symmetric functions,

L and N positive definite, and KN + LM^ 0, there exist values of X and p. neces-

sarily real and for which the equations (22) have continuous solutions u(x), v(s),

not identically zero.

4. Properties of the solutions. Let u¡(x), v¡(s) be solutions of (22) corre-

sponding to the parameter values X„ u„ and uk(x), vk(s) to \k, pk. Since the

kernels are symmetric it follows from (22) that
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/ UiUk = \ I    I u¿Kuk + m I    I UiLuk

= \k I   I UiKuk 4- ¡ik I   J UiLuk,

(24)

/ Vflk=\i I   I ViMvk - m I   I ViNvk

= X* /   / ViMvk - ¡ik I  j ViNvk.

By subtraction we obtain

(\ -K) I   I UiKuk 4- (¡ii- ¡ik) J   I UiLuk = 0,

(25)

(\ - x*) / / viMv* - (w - "*) / / ViNvk=0.

If the two parameter sets are not identical the determinant of the coefficients

must equal zero:

(26)

/    / U{Kuk I   I Ui.

ffiiMvk -ffvi

Luk

Tvb

= 0.

This relation together with (24) gives the result that if (m,-, m), (uk,  Vk) belong

to different parameter sets, the matrix

(27)

/ UiUk I  j UfKuk I  J Ui.

I Wk j  j ViMvk -I   I Vi

Luk

Nvk

is of rank less than 2. If the solutions belong to the same values of the

parameters, linear combinations may be formed so that this condition is

satisfied.

Since the kernels L and A7 are positive definite the solutions u¡, v, may be

multiplied by constants such that

I u2i I  JviNvi-T-   I v2i I   I UiLUi = l.
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In the following we shall assume that the solutions have been so normal

ized.

Consider any set of functions u¡(x), v((s) which are continuous on (a, b),

(c, d), respectively, and have the property that

(28) / U{uk I   I ViNvk 4- / ViVk I   I UiLuk = bjk.

If the series

(29) f(x,s) = YlA{iii(x)vi(s)
i

is uniformly   convergent the coefficients A¿ may be   determined in terms of

f(x, s).    Multiply the equality (29) by

vk(s) J L(x, y)uk(y)dy + uk(x) j N(s, t)vk(t)dt

and integrate; then on account of (28).

Afc= II] uk(x)L(x,y)f(y,s)vk(s)dxdyds

+ 11 J uk(x)f(x,s)N(s,t)uk(t)dxdsdt.

Similarly if the series

f(x,s) = 12jBi[vi(s) J Ui(y)L(y,x)dy + Ui(x) j N(s,i)Vi(t)dt]

is uniformly convergent,

P,=  /   / Ui(x)f(x,s)vi(s)dxds.

Letf(x, s) be any function continuous in x on (a, b) and in s on (c, d), and let

fi= J  J   fui(x)L(x,y)f(y,s)vi(s)dxdyds + j j j Ui(x)f(x,s)N(s,t)vi(t)dxdsdt.

Call/, the Fourier coefficients oîf(x, s) with respect to uit v{.    If (29) is uniformly

convergent,

YJigi=J J   ff(x,s)L(x,y)g(y,s)dxdyds +J J jg(x,s)N(s,t)f(x,t)dxdsdt,

where g(x, s) is a continuous function.
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The Fourier coefficients of any continuous function f(x, s) with respect to a

set of functions u¡, v¿ with the property (28) are of finite norm.    For

(30)   /   /   i F(x,s)L(x,y)F(y,s)dxdyds + I   j   j F(x,s)N(s,t)F(x,t)dxdsdt^O,

and if

F(x,s) =f(x,s) - YJfiuÁx)vi(s)>
,=i

the inequality (30) reduces to

/ / jf(x,s)L(x,y)f(y,s)dxdyds + /   / j f(x,s)N(s,t)f(x,t)dxdsdt

-2¿/?+¿/U0.
«=i ,=i

Therefore

(31) Ttfi^J j' ff(x,s)L(x,y)f(y,s)dxdyds + f J ff(x,s)N(s,t)f(x,t)dxdsdt,

which shows that the sequence {/¿} is of finite norm.

5. Expansion of arbitrary functions of two variables.    A   consequence   of

(23) and (21) is

(32) j j j J[K(x,y)f(x,s)N(s,t)g(y,t) + L(x,y)f(x,s)M(s,t)g(y,t) \dxdydsdt

X„at      '*a

where f(x, s) and g(x, s) are any two continuous functions, and therefore if the

series on the right is uniformly convergent,

K(x,y)N(s,t) + L(x,y)M(s,t) = £ W^W°^\
a Xa

where

Wa(x,s) = va(s)J L(x,y)ua(y)dy + ua(x) J N(s,t)va(t)dt.

To obtain the expansion of arbitrary functions, we first show that

jWa(x,s)\
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is of finite norm ; this would follow immediately if there were a continuous func-

tion F(x, y, s, t) such that

J J J   I F(x,y,s,t)<pi(x)<pj(y)^k(s)h(t)dxdydsdt = bikji = aikji^^-Í¡

ere

am = J j\(x,y)Vi(x)Vj(y)dxdy S-ß + f f M(s,t)Ms)Ht)dsdt%

and <Pi(x) are the characteristic functions of L(x,y) corresponding to the charac-

teristic numbers ait and ^¿(s) the characteristic functions of N(s, i) corre-

sponding to the characteristic numbers ßk, for then

Wa(x,s) = KJ jF(x,y,s,t)Wa(y,t)dydt,

and (31) would give the convergence of

^Wl(x,s)
2-i       \2

a A„

Denote by F[f(x, s)] the transformation defined by

/   I F[f(x,s)]<pi(x)^k(s)dxds = 22bikji I   I f(x,s)<pj(x)ipi(s)dxds.

If the function F(x, y, s, t) above exists, then

F \f(x, s) ] = ffF(X' *A Mb, t)dydt.

The transformed function of g(s)J*L(x, y) f(y)dy exists and is a continuous

function, for it may be expressed by

// K(x, y)<Pi(y)dy j fVi       2 r
L(x, y)f(y)dy] = £ ^--2-+-^—2 Us) / gfc

tt                     a<                   «, +P* J

<Pi(x) I hi/     o2       r        r \

+ E-4—(txF / «*> / MM**(0dz),
££ a,-        \a¿ + ßk J        J /

a series with continuous terms and such that the series formed from the absolute

values of the terms is uniformly convergent.*   Similarly the transformed func-

* Mercer, J.,  Functions of positive and negative type,   Transactions   of   the

Royal   S o c i e t y, A, vol. 209 (1909), pp. 415-446.
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tion of f(x)j"N(s, t) g(t) dt exists and is continuous.    From the previous work

it follows that the transformed function of Wa(x, s) is given by

(33) F[Wa(x,s)]= W¿x's">

K

From the series which represents F[g(s)J'Lf] the following inequality is obtained :

2\F[gJ*Lf]\^¿2        J     if**")' +*2(*'5)'
and hence

(34) 2\F[gflf]\íífsLfJg2 + <S>2(x,s),
where

<e2(*,s) = 2£ l ÍK(x,y)Vi(y)dy)t^L + ̂ - ( fM(sMuW\
i.k   \J /   a{ + ßk CX{     \J I

and is a continuous function in x and s.   Similarly it may be shown that

(35) 2\F\fJmNg] | g fëXgff2 4- *2(x, s),

where ^2(x, s) is a continuous function in x and 5.    From the two inequalities

(34) and (35) it follows that

&(x, s) - 2F[J L(x, y)f(y, s)dy] + jj'ff(x, s)L(x, y)f(y, s)dxdyds

(36)

+ *2(x,s) -2F[ f N(s,t)f(x,t)dt) 4- j j' ffiy, s)N(s, t)f(y, t)dydsdt > 0

where „

f(x, s)=J2FjUj(x)vj(s)
;'=i

and

_ Wj(x,s)

or by virtue of (33)

Fj=F[vj(s)JL(x, y)uj(y)dy + uj(x)JN(s, t)vj(t)dt].
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The inequality (36) reduces to

&(x, s) - 2 ¿ P/ + ¿ Fj2 + *2(x, s) ^ 0,
3-1 3=1

and therefore

7=1 J=ï        \i
Ê F/= ¿ T%^- ^ *2(*-5) + *2(*-*)-

This last result and the inequality (31) give the uniform convergence of the

series formed from the absolute values of the terms of the series

y>  WU(X, S)fa

a A<*

where f(x, s) is any continuous function, and from (32) it follows that

h(x, s) =ff(K(x, y)f(y, t)N(s, t) + L(x, y)f(y, t)M(s, t))dydt

Bj;ÏA^f.(v)LA.
a "a a J

Theorem 4. If the kernels K, L, M, Narecontinuous real symmetric functions,

L and N positive definite in the sense defined in §3, and K N A- L M NO, any

function h(x, s) which can be expressed in the form

**"ffh(x, s)=J J (K(x, y)j(y, t)N(s, t) + L(x, y)f(y, t)M(s, t))dydt,

where f(x, s) is any continuous function, may be expanded into the uniformly and

absolutely convergent series

h(x:,s)=^2 Wa(x,s) I huava.
a **

Bryn Mawr College,

Bryn Mawr, Pa.


