LINEAR EQUATIONS WITH TWO PARAMETERS*

BY

ANNA J. PELL

The problem of the existence of solutions of two linear self-adjoint differential
equations of the second order with two parametershas been treated by Hilbert, t
Richardson,t and Yoshikawa.§ There are corresponding problems in the
theory of linear equations in infinitely many unknowns, and in the theory of
linear integral equations. Part I of this paper deals with the first problem,
the existence of characteristic numbers N and p for the system of equations

0 -]
u; = A Zk,'j U; + [I.El,'j U; (1:=1, 2,. . .),
j=1 J=1
(1)
U = )‘Emkl'vl_ Mzﬂkzvz (k=12,...),
l=1 =1

where the matrices are subject to certain conditions (§1), and the expansion
of the determinant matrix in terms of the solutions. Part II deals with the
second problem, the existence of characteristic numbers A and p for the equations

b b
u(®) =\ f K(r3) uG)dy + u / Les,5) u (5) d,

v(s) =k/.‘]ill (s,0) v (t) dt — f}i\l'(s,t)v(t) dt,

where the kernels are subject to certain conditions (§3), and the expansion of
arbitrary functions of two variables in terms of the characteristic functions.

* Presented to the Society, October 25, 1919.

+ Grundziige einer allgemeinen Theorie der linearen Integralgleichungen, pp. 262-267.

t Theorems of oscillation for two linear differentral equations of the second order with two
parameters, these Transactions, vol. 13 (1912), pp. 22-34.

§ Ein zweiparametriges Oscillationstheorem, G6ttinger Nachrichten, 1910,

pp. 586-594.
198
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I. LINEAR EQUATIONS IN INFINITELY MANY UNKNOWNS

1. Existence of solutions. Consider the system of linear equations (1)
where the matrices K, L, M, N are real and symmetric, the sum of the squares
of the elements in each matrix is convergent, the two matrices L and N are
positive definite and k;jm,; + I;my 0. We shall show that under these conditions
there exist values of \ and u for which the equations (1) have solutions of finite
norm and not identically zero, that is, neither {u,} nor {vk} isidentically zero.
The method consists of the elimination of u from (1), the transformation of the
resulting system of equations in the one parameter \ into a system of the form
(9) for which the existence of characteristic numbers \; has already been estab-
lished, the substitution of these A, in one system of equations of (1), and the
proof of the existence of corresponding characteristic numbers p;,, and finally
the proof that \; and p,, are also characteristic numbers for the other equations
of (1).

The elimination of u in (1) gives the system

2 “iz ny + Eliiuj = )‘(Zkif“jznkﬂ’l + Zliiujz My )
[ j J [] j ]

Since L and N are positive definite their characteristic numbers are positive;
call them of and Bi. The matrices formed from the corresponding solutions
l:,- and #n;, are orthogonal,* and hence the system (2) is equivalent to

* x é 5, *
(3) “tvk( ) >‘ b ( :;Bké * J)”‘v: (a8
where
wi =) Lw . v= Zniwz,
E
4 K*=L*KL* , M*= N*MN*'
6,'j =1ifs = j, and = 0, if ’l«:f—']

With the substitution

’* * %
‘g = Ui U,
+ Oy + 0
®) Ay =kij— + mp =,
Bk a;

1 1

62 =3 + oY)

¢ 3 2

a; Bt

* For notation and terminology see Hilbert, loc. cit., Kap. XI, and Hellinger, E., Neue
Begriindung der Theorie quadratischer Formem von unendlichvielen Verdinderlichem, Jour -
nal fiir Mathematik, vol. 136, pp. 210-262.
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the system (3) becomes
6) CExe=NY_agx,
n

The matrix A is symunetric, for the interchange of ¢ with 7 and of £ with /, or the
interchange of £ with », leaves A unchanged. The matrix

2
a * oy 6),
2 =k ———u + mu

¢ - “ai+ﬂk 2+/3k

is completely continuous. Let x; = x; be of norm < 1. Since

2

.i.__ <1

a? +6 7
Extkku 2 2 Xk = —J Ek: Z xszk
1,5,k + ﬁ i,7 ik

and

n

& a,? *
Z xzkkzjmxjk_z Tirki; ——— 2+B 5> Xjk

£, 5,k=1 k 1,5, k=1

J;J = n4 1

By hypothe51s 2,, k,, converges. and lim n—8 2% =y ki = 0. Hence the matrix
kidual/ (a? + Bp)is completely continuous, and similarly for m,,,&,,ﬁk/ (o + BD).
This shows that a,,/c; is completely continuous. From the inequality

(3+2)

it follows that a,/cc, is completely continuous. The matrix ag,/cg, is sym-
metric, and not identically zero since KN + LM #0, hence there exist* values
of \ for which the system

a
) =AYy 2Ly
2 e

afn
Cecn

élfﬂ

has solutions of finite norm. From this it follows that the system
= %
® 5=y %,
n C'l

* Hilbert, loc. cit., p. 148.
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has solutions {ZE = yece} of finite norm for the same value of A\. Since the ma-
trix ay, /cg is completely continuous the adjoint* system

9 x; = )\ZGT"'x:
n Ct

also has solutions {x;} of finite norm. For each value of X there is only a
finite number of linearly independent solutions of (8) and an equal number of
linearly independent solutions of (9), and the relation between the solutions
of (8) and (9) is

(10) 2y = ng; .

A solution {x: } of (9) leads to a solution {xi }, such that 2 ; , x ?k is con-
vergent, of the system

(11) Elijxjk + Zn B%i = N\ Z (Bijxamu + Lipcmer).
7 7 N

We shall show later that x;; either has the form u,1;, or is a sum of such terms.
Return to the system (1), and let X be a value for which the system (11)
has a solution x;. Assume first that u: is the only solution -of

j

with the understanding that {u: } may be = 0, and that Zu;? = 1 if u; is not
= 0. There exists a limited matrix} P such that

P=\K + \PK — U*U¥,
where
up=u; if k=1, uj=0if k>~1.
If the system
(13) U(x) =N\KU(x) + uLU(x)

has a solution U(x) besides U*(x) for u = 0, then U(x) satisfies

U(r) = w{LU(x) + PLU®)} + cU*(),
(14)
(U*, LU)=0.

* Hilbert, loc. cit., p. 165.
{ Hurwitz, W. A., On the pseudo-resolvent to the kernel of an integral equation, these T r a n s-
actions, vol. 13 (1912), pp. 405—418.
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Also if (14) has a solution U(x), this solution satisfies (13), and the two equations
(13) and (14) have the same solutions except for U*(x). Thetwo equations of
(14) may be expressed by one equation, for from the second part it follows that

c(U*, LU*) = — u[(U* LLU) + (U*, LPLU)],

and the substitution of this valie for ¢ gives

(15) Ux)= u[LU(x) + PLU(x) —

= uQU(x).

The equations (14) and (15) have the same solutions except for U*(x). To
establish the existence of characteristic numbers of (15), consider the system

U*U¥LLU(x) + U*U*'LPLU(x)]
(U*, LU%)

(16) U(x)=u{QU(x) _L
= uRU(%).

U*U*LU(%)+ PLU*U¥ LU (x) }
(U*, LU%

All the solutions of (15) satisfy (16), and any solution U(x) of (16) which is such
that

(17) (U* LU)=0

satisfies (15). ‘This condition is satisfied by all the solutions of (16) except possi-
bly those corresponding to the value uo of u given by

wl[(U*, LLU*) 4 (U* LPLU*)]14 (U* LU*)=0.

A solution of (16) corresponding to uo is U*(x), the solution of (13) for p = 0.
By adding multiples of U*(x) any other solution of (16) corresponding to uo
can be made to satisfy (17), and hence we may assume that the systems (13)
and (16) have the same solutions. ‘The matrix R in (16) is such that the product
of R by the symmetric positive definite matrix L is symmetric, and therefore*
characteristic numbers p, exist and are real, { LU, (x)} is the adjoint system
of the system of solutions U,(x) and the matrix R may be expressed in terms
of the solutions in the following form:

(s) RILF@) = 3 LR

a Ko

* A. J. Pell, Linear equations with unsymmelric systems of coefficients, these Transac-
tiomns, vol. 20 (1919), pp. 23-39.
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where F(x) is any limited linear form. From this expansion it follows not only
that (16) and (13) have solutions besides U*(x), but also that the system of all
the solutions U,(x) of the equations

(19) Ua(x) =>‘KUa(x) + F'aLUa(x)
is such that the system {LU,(x)} is complete. Suppose that F(x) is such that
(F, LU,)=0;

then from (16) and the expansion for R the linear form

G(x)=LF(x) + PLF(x)
is such that
LU*(x)(G,LU¥) _

LG(x) — O LU%

0.

The only G(x) which satisfies this is G(x) = kU*(x). From the definition of
the matrix P it follows that if

LF(x) + PLF(x)=kU*(x),

then LF(x) = cU*(x), and therefore F(x) = 0. Hence the system {LU ,,(x)}
is complete.
If the system (12) had more than one linearly independent solution, similar
considerations would show that again the system {LU (%) } is a complete system.
From (11) we obtain solutions V,(x) of the second system of equations of
(1) by multiplying by U,,

(20) V@) =MV (%) — pNVa(),

for the characteristic numbers N\ and u,. The solutions V,(x) are given by
Valx)=X'LU,(%),

and since {LU,,(x)} is complete the V,(x) are not all zero, and the equations
(19) and (20) have solutions not identically zero. We have established the
following theorem.

THEOREM 1. If the matrices K, L, M, and N are symmetric matrices such that
the sum of the squares of the elements in each is convergent, if L and N are positive
definite, and if ki + Limu 3 O, there exist real values of N and p for which the
system (1) has solutions w;, v, of finite norm and not identically zero.
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2. Expansion of the determinant matrix. Since every solution u,;, v, of
finite norm of (19) and (20) satisfies (9), only a finite number of v,, can be
different from zero. It has been shown that {LU,(x)} is a complete system,
and therefore

n
Xik= Z Uailaks
a=1

for otherwise the difference between the left and right hand sides would be
orthogonal to LU,.(x). We may therefore assume that the solutions of (11)
are in the form of products %,,;.

From the expansion of the symmetric completely continuous matrix* (a;,/c,,),

&I — YVat)an
)
CgC,, o )\a
it follows that
sz* Zx*
a, = Z tXatCy an
P A,

and this gives the following expansion for the determinant matrix:
(21) kijnu + Ljmn = Z 1&":Laﬂ,

where

Waik =Vap ) lifthaj + u‘aiz MpiVal-
7 7

The following theorem has been established.

THEOREM 2. Under the conditions of Theorem 1, the determinant matrix KN
+ LM may be expressed in terms of the solutions of (1) in the form (21).

II. TWO LINEAR INTEGRAL EQUATIONS WITH TWO PARAMETERS

3. Existence of solutions of two integral equations. In the two linear integral
equations

b b
u@) = [ Kewom)dy + u f Lixy)u(y)ds,
(22) , ,
o(s) = f M(s,)v()dt — f N (s,t)v(t)dt,

* Hilbert, loc. cit., p. 148.
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let the kernels K, L be real symmetric functions continuous in the real variables
xandyfora £ x £ banda £ y £ b, M, N real, symmetric and continuous in
the real variables sand tforc £ s £d,c £t <d, KN + LM # 0,and L and
N positive definite in the sense that there exist no functions f(x), g(s) not iden-
tically zero which together with their squares are integrable in the sense of
Lebesgue on (g, b) and (c, d) respectively, and such that J° S f(x)L(x,%)f(y)
dedy £ 0, S S g(s)N(s,t)g(t)dsdt < 0. Let {oi(x)} be a closed orthogonal
system of continuous functions for the interval (a, b), and {ul/k(s)} for the in-
terval (¢, d). Multiply the equations (22) by ¢;(x) and ¥, (s), respectively, inte-
grate, and then expand the right hand sides;

f¢iu=)‘zjff¢iK¢jf¢J“+ M;ff¢iL¢jf¢juy
fw»=x2ff¢szf¢w - u:ffmwsz.

If the equations (22) have continuous solutions #(x), v(s), then the system (23)
has solutions of finite norm. The matrices in (23) satisfy all the conditions
imposed on the matrices in Theorem 1, and therefore there exist values of A and
u, necessarily real, for which the system (23) has solutions %;, y, of finite norm.
In the usual way it can be shown that the functions

(23)

“(x)")‘zxifK‘PH'MinfL%

7’(5)=)‘Zk:yk M‘Pk_l";yk Ny,

are continuous in (@, b)-and (¢, d), respectively, and satisfy the equations
(22).

THEOREM 3. If the kernels K, L, M, N are continuous real symmetric functions,
L and N positive definite, and KN + LM # 0, there exist values of N and u neces-
sarily real and for which the equations (22) have continuous solutions u(x), v(s),
not identically zero.

4. Properties of the solutions. Let #;(x), v;(s) be solutions of (22) corre-
sponding to the parameter values N\; p;, and u.(x), v(s) to N;, - Since the
kernels are symmetric it follows from (22) that
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/uiuk=hiffuiKuk+ Mif/uiLuk
=M\ f / w,Kup + m f f w;.Lug,

/Wivk=)\iff’0ink— mff”iN'Uk
=)\kf/vink— Mkf/”iNﬂk~

By subtraction we obtain

(ki_xk)/fuiKuk+ (i — Mk)/fuil«uk=0.
N — M) f vMuv, — (i — ma) f 2;Nv,=0.

If the two parameter sets are not identical the determinant of the coefficients
must equal zero:

6) f / u;Kuy, f f u;Lu, ol
f/v;ka —/fv;va

This relation together with (24) gives the result that if (u;, ), (#z, v:) belong
to different parameter sets, the matrix

@ < f Uiy f f uKuy f f uLn )
f i f f wMy, - f f uNo,

is of rank less than 2. If the solutions belong to the same values of the
parameters, linear combinations may be formed so that this condition is
satisfied.

Since the kernels L and N are positive definite the solutions #;, v; may be
multiplied by constants such that

[if fowns foif futuimr

(24)

(25)
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In the following we shall assume that the solutions have been so normal
ized.

Consider any set of functions #,(x), v;(s) which are continuous on (a, b),
(¢, d), respectively, and have the property that

(28) f Uy, f f 2;Nv, + f V0 / / u;Lup=8;.

If the series

(29) fx, 5)=2 " Aaui(x)ui(s)

is uniformly convergent the coefficients A; may be determined in terms of
f(x, s). Multiply the equality (29) by

0(s) f (5, yus()dy + () f N(s, Dut)dt

and integrate; then on account of (28).

A= [ [ [ Lo mdsis
+ f / f ur(2)f (%,5) N (s,8)u () dxds dt.

1,9) = LBl [ wOILoDdy + (e f N )dt]

Similarly if the series

is uniformly convergent,

B;= / f u; (x)f(x,5)v;(s)dxds.

Let f(x, s) be any function continuous in % on (g, b) and in s on (¢, d), and let

fi= f f f u;(x) L(%,9)f (,5)v;(s)dxdyds + / f f u;(x)f(2,5)N (s,2)v; () dxdsdt.

Call f, the Fourier coefficients of f(x, s) with respect to u;, ;. If (29) is uniformly
convergent,

Yiem [ [ [raneonosispt [ [ [emncosedsa

where g(x, s) is a continuous function.
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The Fourier coefficients of any continuous function f(x, s) with respect to a
set of functions u;, v; with the property (28) are of finite norm. For

(30) f f f F(x,5)L(x,y)F (y,5)dxdyds + f f f F(x,s)N(s,t)F(x,t)dxdsdt 20,

and if
F(x,5)=f(x:5) — ) fani(x)vils),

=1

the inequality (30) reduces to

/ f f f(x,s)L(%,9)f(3,5)dxdyds + f f f F(x,5)N(s,0)f (x,)dxdsds

-23 i+ Y fizo.
i=1 i=1
Therefore

en2sis [ [ froworesosiss+ [ [ fmoneoseasisa,

which shows that the sequence { f,-} is of finite norm.

5. Expansion of arbitrary functions of two variables. A consequence of
(23) and (21) is

(32) / f f f (K (ep)fe.s)N (5.8 () + L) ()M (s,)g 0st) dndydsdt

where f(x, s) and g(x, s) are any two continuous functions, and therefore if the
series on the right is uniformly convergent,

K@ )N(s) + Lixy)M(s) = Vw

where

Was) =0a(s) [ Lrpua)dy + 1) f N(s)a(0)de.

To obtain the expansion of arbitrary functions, we first show that

(2}
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is of finite norm; this would follow immediately if there were a continuous func-
tion F(x, 9, s, t) such that

ffffF(x,y:S t)‘Pz(x)%(J’)'/’k(S)%(t)dxddedt blk]l Qikji 2+BZB

where

Gijra = f f K (x,9)¢i(%)p;(y)dxdy %‘é+ f / M (s,t)¥r(s)¥u(2)dsdt %»

and g;(x) are the characteristic functions of L(x,y) corresponding to the charac-
teristic numbers af, and Y(s) the characteristic functions of N(s, £) corre-
sponding to the characteristic numbers Bz, for then

Wa(x,5) =X, f / F(x,3,5,)W . (9,t)dydt,

and (31) would give the convergence of

Wa(x,
E_)fzx—S)'

a

Denote by F[f(x, s)] the transformation defined by

f [ P e = 3 b [ [1e9n@moas.

If the function F(x, 3, s, ) above exists, then

Flfx )] = f f Fla, 3,5, 0, Dyt

The transformed function of g(s) /"L(x, ¥) f(y)dy exists and is a continuous
function, for it may be expressed by

K(x’ :V)%(J’)dy Jei 2

¢s(x)ff¢t
£ \a‘ £ ﬁz " M(s,tm(t)dt),

a series with continuous terms and such that the series formed from the absolute
values of the terms is uniformly convergent.* Similarly the transformed func-

* Mercer, J., Functions of positive and megative type, Transactions of the
Royal Society, A, vol. 209 (1909), pp. 415446,
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tion of f(x) /'N(s, t) g(t) dt exists and is continuous. From the previous work
it follows that the transformed function of W (x, s) is given by

(33) FIW.(5s)]= W—i"—i)—

From the series which represents F [g(s) /" Lf] the following inequality is obtained:

et fin =5 M) (f) wven

i,k
and hence
(34) o|Flg f 1)l = f 1Lf f o+ 8%(x,9),
where
e N R, A .
#(x=2 ) ( S K(x,y>¢.(y)dy) SR el ( f M(s,twk(t)dt)

and is a continuous function in x and s. Similarly it may be shown that

(35) oy fNel| = fave [+ 9,

where ¥2(x, s) is a continuous function in x and s. From the two inequalities
(34) and (35) it follows that

#%(x,5) — 2F] fL<x, 2FG, 5)dy] + f f f 1 S)L (5, 9)f(, ) ddyds
(36) |

+ Wi(,5) —2F] f N(s, )fCe)dt] + f f f o IN(s, (3, dydsdt 2 0

where »
fx, s)= ZFﬂj(x)vj(s)
j=1
and
Fy= Wi(x,s) ,
A

or by virtue of (33)

F=Flo(s) [ Lz pyu;0)dy + us() f N(s, 10,1,
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The inequality (36) reduces to

B(x,5) =23 Fp + 3 Fp+ ¥i(,5) 2 0,

j=1 J=1

and therefore

Zn: Fp= Zn: % < ®%(x,s) + ¥(x, s).

j=1 Jj=1 \

This last result and the inequality (31) give the uniform convergence of the
series formed from the absolute values of the terms of the series

; Wa(:; s)fa ,

where f(x, s) is any continuous function, and from (32) it follows that

Wy 5) = f f (K, )/, DN (s, ) + Lz, )/ DM (s, 1) dyet

= Eu—/"%&% = > Walx,5) [ httop,.

a @

TuEOREM 4. If the kernels K, L, M, N are continuous real symmetric functions,
L and N positive definite in the sense defined in §3, and K N + L M #0, any
SJunction h(x, s) which can be expressed in the form

W)= [ [ K 0,0NG. ) + L, )M, D),

where f(x, s) is any continuous function, may be expanded into the uniformly and
absolutely convergent series

h(x,s)= Z Wa(x, s) f huv,.

BrYN MAwWR COLLEGE,
BRYN MAWR, Pa.



